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A variation of the capillary column inverse gas chromatography (IGC) experiment is
proposed to measure the thermodynamics and diffusion coefficients in ternary polymer—
solvent—solvent systems, and a theoretical model has been developed for this proposed
experiment. The model has been derived to include both main and mutual cross-diffusion
coefficients. Ternary vapor—liquid equilibria was represented by a coefficient matrix of the
isotherm tangents. The governing equations of the model were uncoupled and solved using
both an analytical Laplace transform technique and a numerical finite-difference tech-
nique. Solution of the model shows that in the presence of strong cross-diffusion and
thermodynamic coefficients, unusual chromatographic behavior can be observed, sug-
gesting that IGC can be a useful technique for measuring thermodynamic and mass-
transport properties of ternary polymer—solvent—solvent systems. © 2005 American Institute
of Chemical Engineers AIChE J, 51: 2930-2941, 2005
Keywords: inverse gas chromatography (IGC), multicomponent diffusion and thermody-
namics, polymer—solvent systems, modeling
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Introduction

Capillary column inverse gas chromatography (CCIGC) has
proven to be a useful experimental technique to measure ther-
modynamic and mass-transport properties in polymer—solvent
systems.!=> In CCIGC, a thin film of polymer is coated on the
inside of a capillary wall. An inert carrier gas transports a small
pulse of solvent through the column and a detector measures
the elution of solvent from the column. Because the solvent
absorbs and diffuses through the thin polymer film, the solvent
elution can be related to the partition coefficient and diffusion
coefficient by comparison to a theoretical model. Capillary
columns have a major advantage over packed columns because
the polymer coating thickness is much more uniform, thus
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allowing accurate measurement of diffusion coefficients. In-
verse gas chromatography has been used in the past to measure
diffusion coefficients for binary and pseudobinary polymer—
solvent systems. Danner et al.> used finite-concentration
CCIGC to measure effective diffusion coefficients of toluene
and methanol in the PV Ac—methanol-toluene system.

A true ternary polymer—solvent—solvent system has a matrix
of four mutual diffusion coefficients that govern mass transport

Dpll Dp12:| (l)

D1=
[D,] [Dpzl D,

The subscripts indicate solvent 1 and solvent 2. The D,,;; and
D, are referred to as the main terms of the diffusion coeffi-
cient matrix and D,, and D,,, are the cross terms. The
diffusive flux of each solvent, j7, in such a system can be
defined in terms of these diffusion coefficients relative to the

system’s volume average velocity
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]T = _Dp11VP1 - Dp12VP2 (2)

J; = _Dp21VP1 - Dp22VP2 3)

Here, Vp; is the gradient in mass concentration of solvent i.

Finite-concentration IGC has been used by Joffrion and
Glover® and Tsotsis et al.” to measure ternary-phase equilibria
and effective binary diffusivities, but not the cross-diffusivities.
Diffusion coefficients in polymer—solvent systems are usually
measured by gravimetric-type experiments. Binary gravimetric
experiments are fairly simple. The single binary diffusion co-
efficient is determined from the time needed to equilibrate a
polymer sample with the vapor of solvent. Gravimetric exper-
iments proceed by measuring the weight gain of the polymer
vs. time. There are several sorption experiments that rely on
this type of measurement, although these experiments fail for
ternary experiments because the weight gain of the sample
arises from sorption of both solvents. Thus, it is not possible to
determine how much of each solvent is in the polymer vs. time.
Furthermore, the vapor is no longer pure, and the composition
of this phase must also be known as a function of time. A
modified quartz spring gravimetric experiment has been used to
measure solubility (not diffusion) of two solvents in a poly-
mer.8

Although gravimetric experiments are quite common for
measuring diffusion coefficients, they are not the only available
techniques. Infrared spectroscopy has been used to measure the
cross-diffusion coefficients in the PIB-MEK—toluene system.!?
Drying experiments are another possibility to measure ternary
diffusion coefficients.!" In such an experiment, a polymer—
solvent—solvent solution is devolatilized in a convective oven.
Measurement of the effluent solvent concentration in the vapor
phase can be used to determine the polymer solution weight
loss arising from both solvents vs. time. Such an experiment
relies on extensive modeling because mass and heat transfer
occur in both the vapor and polymer phases. In addition, the
experiment is conducted over extremely wide ranges of solvent
concentration in the polymer phase. Thus, the experiment relies
heavily on a model for the concentration dependency of the
diffusion coefficients. Such models do exist, but have not been
tested because of the absence of any ternary diffusion data.'13
Inverse gas chromatography has a major advantage over drying
because experiments are conducted at a single concentration
(usually at infinite dilution). However, experiments can be
conducted at finite concentrations as shown by several inves-
tigators.>6-14-16

In this communication, a new CCIGC experiment is pro-
posed to measure the four member diffusion coefficient matrix
and vapor-liquid equilibria at finite concentrations in ternary
polymer—solvent—solvent solutions. Analysis of such an exper-
iment requires a model that describes the complex diffusion
process in the column. A new CCIGC model has been devel-
oped capable of analyzing ternary CCIGC data.

Proposed Experimental Procedure

The proposed experiment is an extension of that used by Dan-
ner et al.’> to measure properties of pseudobinary systems. A
diagram of this new experimental setup is shown in Figure 1.

A quartz capillary column is coated with a thin film of the

AIChE Journal

Syringe
Air Bath Owen
|:_|
|
1 ==
Salvent 1 Solvent 2 Recorder
Carrier gas Saturator Saturatos
{Helium) T F o

Figure 1. Proposed experimental setup for a ternary
CCIGC experiment.

polymer of interest and a ternary mixture of an inert carrier gas
and vapor of the two solvents is continuously passed through
the column. The vapor composition is controlled by the tem-
perature of the two saturators containing each of the pure
solvents. The effluent streams from the saturators are then
mixed and sent through the column giving a ternary vapor
mixture of constant concentration. When equilibrium is at-
tained, a small amount of one of the solvents is injected into the
column. This perturbation of solvent travels through the col-
umn and interacts with the polymer—solvent—solvent mixture.
A suitable detector measures the vapor concentration of each
solvent at the exit of the column. The detector must be capable
of distinguishing between each solvent while they are eluding
simultaneously. The common thermal conductivity detector
(TCD) or flame ionization detector (FID) will not work because
these will give an average reading for both solvents. Because
the injection perturbs the vapor composition of both solvents,
the experiment will produce elution profiles for both solvents.
Analysis of both elution profiles gives information about the
thermodynamics and diffusion coefficients of the ternary sys-
tem.

Model for Ternary CCIGC Experiments

The original CCIGC model was developed by Macris! for
binary polymer—solvent systems at infinite dilution. The vapor
phase was pure carrier gas containing a small solvent concen-
tration from the injection. Here, this model is extended to
ternary polymer—solvent—solvent systems at finite solvent gas
concentrations. A diagram of the process to be modeled is
show in Figure 2.

In the derivation of the model, the following assumptions are
made:

(1) The entire system is isothermal.

(2) The pressure drop in the column is insignificant.

(3) The polymer coating thickness is much smaller than the
column radius.

(4) Gas-phase diffusion is fast enough to keep the solvent
radially well mixed, making Taylor dispersion insignificant
compared to conventional axial dispersion.

(5) The polymer-phase diffusion coefficients are constant
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Figure 2. Ternary CCIGC experiment.

within the small concentration range of the solvent perturba-
tions.

(6) The vapor-phase diffusion coefficients are constant and
the vapor-phase cross-diffusion coefficients are negligible.

(7) The thermodynamics of bulk absorption can be de-
scribed by a coefficient matrix of the isotherm tangent slopes.
These coefficients are constant over the small concentration
range of the perturbation.

(8) The polymer film has a uniform thickness through the
entire column.

(9) The only significant diffusion in the polymer phase
occurs in the radial direction.

(10) The carrier gas is insoluble in the polymer and does not
adsorb on any surfaces.

(11) Surface adsorption by the solvents is negligible.

(12) No chemical reactions occur.

(13) The partial molar volume of the solvents in the polymer
is constant.

(14) Swelling of the polymer is insignificant over the con-
centration range of the perturbation.

(15) The solvent injection can be modeled by a Dirac delta

function.
Based on assumption (2), the pressure in the column is con-
stant. Because the total pressure in the column is never much
greater than atmospheric, it will be assumed that the ideal gas
law applies. An ideal gas at constant temperature and total
pressure has a constant molar density C™°'

Cmolar_g+2+g ( t t) 4

A M, constan 4)
Here, C; is the mass concentration of each species in the gas
phase and M, is the molecular weight of each species. The
subscripts define the following species in the vapor: 1 =
solvent 1, 2 = solvent 2, and 3 = inert carrier gas. Further-
more, because the solvent perturbation is small compared to the
overall concentration, the overall mass density (C) of the gas is
approximately constant

C=C,+ C,+ C;= constant 5)

Under this approximation, the species continuity equations
in the gas phase can be expressed relative to the mass average
velocity (V)
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Here, p, represents the mass concentrations of the solvents in
the polymer phase. In the polymer phase, the subscript 1
denotes solvent 1 and 2 represents solvent 2. In this formula-
tion, the cross-diffusion coefficients in the gas phase are as-
sumed to be negligible. The appropriate boundary conditions

are
C Ch
t=0 G| =|Cr V=1V, 9)
Cs Cs
C, 8(1)Coy + Cyy
z=0 Cy| =|8()Cpp + Cpy (10)
Cs 3(1)Cos + Cis
C, C
7= G| =|Cp V=1V, (11)
Cs Cis

Here, C,, is the strength of the pulse of species i and C,, is the
background (plateau) concentration of species i.

Assuming that the polymer thickness is much smaller than
the column radius, the two solvent species continuity equations
in matrix notation for the polymer phase are

i [Pl] _ [Dpll Dplz] iz [Pl] (12)
at | P2 D, Dy art | p2

Chi Ch2
K,,dC, + J K,,dC,
0

=0 [Pl] |:pbl:| _ 0
p2 P2

Ch1 Cr2
J KledCl + f K]722dc2
0 0

13)
C &)
J’ K,,dC, + f K,,dC,
0 0

Ci C
j Kledcl + J’ Kp22dC2
0 0
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Here K

i 18 the slope of the isotherm tangent and p,,; is the
background (plateau) concentration of species i.

The diffusive fluxes are defined with respect to the volume
average velocity in the polymer phase. Equations 6, 7, 8, and
12 constitute five coupled partial differential equations that
must be solved to model the elution of the two solvents from
the column. These equations were uncoupled using a coordi-
nate transformation!” and were solved using the technique of
Laplace transforms. The details of the solution are in Appendix
A. In the solution, it is shown that the solvent concentration in
the gas phase at the detector can be expressed in the Laplace

domain
) 1 1
Y, = H,-exp{zy_ " \ay + l/lf(S)} (16)

Here, ¥, is a pseudo-Laplace variable for the gas concentration
of solvent i at the detector. H,, vy;, and {(s) are vectors of
dimensionless parameters. Analytical inversion of Eq. 16 into
the time domain is not possible, so numerical inversion was
used to solve the model by a Fast Fourier Transform (FFT)
algorithm.

Model Predictions for Ternary CCIGC
Experiments

The purpose of deriving this model is to permit analysis of
experimental ternary elution profiles with the intent of deter-
mining the matrix of diffusion and thermodynamic coefficients.
The D,;; and K,; are often referred to as the main terms,

pii pii
whereas D, ;. and K . are referred to as the cross terms in the

P 12
coefficient matrices.

The aim here is to measure all four diffusion and thermo-
dynamic coefficients. It is questionable that all eight unique
parameters can be obtained from the elution profiles of a single
CCIGC experiment. For this reason, experiments should be
conducted with two different columns. The first column should
be designed such that there is negligible diffusion resistance in
the polymer phase. This is accomplished by coating a very long
column with a sufficiently thin polymer coating. Because there
will be negligible mass transfer resistance, experiments with
this column will produce symmetric elution profiles that are
independent of the diffusion coefficients. These elution profiles
can be uniquely related to the thermodynamic coefficients.
Once the thermodynamic coefficients are known, a second,
shorter column should be made with a thicker coating to give
significant diffusion resistance. Experiments on this column
will give asymmetric elution profiles that can be used to obtain
a unique set of four mutual diffusion coefficients.

Diffusion coefficient sensitivity

Experiments on the short, thick column will produce elution
profiles that depend on the diffusion coefficients. It is possible
that mass transport in the ternary system can be described using
only the main diffusion coefficients (cross-diffusion coeffi-
cients equal to zero). This effectively corresponds to two
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Figure 3. Simulation of a ternary CCIGC experiment.

Solid line is ternary model prediction for solvent 1 and dotted
line is that for solvent 2. Symbols indicate ternary model
simulation for insignificant cross terms (D,;; = 0): solvent 1
(A), solvent 2 (H).

Pi

pseudobinary diffusion processes because the two solvents will
diffuse independent of each other. Although the proposed ex-
periment is capable of measuring such pseudobinary diffusion
coefficients, it is also possible that both main and cross-diffu-
sivities are needed to accurately describe the mass-transport
process. In such a case, the elution profiles of the two solvents
must provide information about all four diffusion coefficients.
To demonstrate the effect of the cross-diffusion coefficients on
the elution profile, the model described above was solved over
varying ranges of the cross-diffusion coefficients. Nominal
values of the other parameters were used in the simulations.
The cross thermodynamic coefficients were assumed to be
zero. The results of the simulations are shown in Figures 3, 4,
and 5. The dimensionless parameters for the simulations are
given in Table 1. In each of the figures, a different value of the
ratio of the cross-diffusion coefficient to the main diffusion
coefficient for both of the two solvents was used.

In Figure 3, the cross-diffusion coefficients are 100 times
smaller than the main diffusion coefficients. Under such con-
ditions, the cross-diffusion coefficients make essentially no
contribution to the shape of the elution profiles. There was also
only a negligible difference when the cross terms were 75%
smaller than the main terms (not shown). In these cases, mass
transport in the ternary system can be accurately represented as
two pseudobinary systems because diffusion of the two sol-
vents can be described by just the main diffusion coefficients.

Table 1. Values of the Dimensionless Groups for the
Simulations in Figures 3, 4, and 5*

Parameter Figure 3 Figure 4 Figure 5

oy 0.53 0.53 0.53

05 0.13 0.13 0.13

a]z = azl oe] [0e] e}

B 1.0 1.0 1.0

Bis 10.0 1.1 1.01

Boy 10.0 1.1 1.01

B 1.0 1.0 1.0

Y=Y 1.0 X 10°* 1.0 X 10°* 1.0 X 10°*

A 1.0 1.0 1.0
*Dimensionless group definitions are given in Appendix A.
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Figure 4. Simulation of a ternary CCIGC experiment.

Solid line is ternary model prediction for solvent 1 and dotted
line is that for solvent 2. Symbols indicate ternary model
simulation for insignificant cross terms (D,;; = 0): solvent 1
(A), solvent 2 (H).

pij

However, the diffusion cross terms used in Figures 4 and 5
definitely give elution profiles different from those obtained
without cross terms. In these cases, it is not possible to repre-
sent the ternary diffusion processes as two pseudobinary sys-
tems. Interestingly, the elution profiles give very unusual be-
havior in the presence of significant diffusion cross terms.
Multiple peaks and solvent concentrations dipping below their
baseline are observed under such conditions. This unique be-
havior can be quite useful when trying to determine the sig-
nificance of the cross-diffusion coefficients in polymer—solvent
systems. If the cross-diffusion coefficients are negligible, sin-
gle peaks and positive dimensionless concentrations will be
observed in a CCIGC experiment. If multiple peaks and neg-
ative dimensionless concentrations are observed from the IGC,
then the cross-diffusion coefficients are significant and can be
measured. Performing experiments at different solvent concen-
trations can give the concentration dependency of both main
and cross-diffusion coefficients in ternary polymer—solvent
systems.

The diffusion coefficients in the matrix are not independent

o
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Figure 5. Simulation of a ternary CCIGC experiment.

Solid line is ternary model prediction for solvent 1 and dotted
line is that for solvent 2. Symbols indicate ternary model
simulation for insignificant cross terms (D,,; = 0): solvent 1
(A), solvent 2 (H).
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Figure 6. Numerical simulations to determine the effect
of axial dispersion on the elution profile.

Solid line is analytical model prediction for solvent 1 and
dotted line is that for solvent 2 when D,y = D,,,. Symbols:
solvent 1 (A), and solvent 2 (H), indicate numerical model
solution when D5, = 10D,,;. All other parameters were the
same as those used in Figure 4.

of each other. They are constrained by material balances, the
Onsager reciprocal relationships, and thermodynamic stability.
The Onsager relationships and thermodynamic stability specify
that the diffusion coefficient matrix has real-positive eigenval-
ues.!® For a ternary system, the necessary constraint to ensure
this is

Dy + Dy >0

pl
Dpllezz - Dplszzl =0
(Dpll + D[)22)2 = (Dpquzz - Dplszzl) (17)

In all simulations, these expressions were obeyed and no
material balances were violated. Material balance violation can
be detected by negative dimensional concentrations.'® Negative
concentrations can be obtained by solving the continuity equa-
tions with unrealistic diffusion coefficients. Although the con-
tinuity equations can be mathematically satisfied with negative
concentrations, a negative mass cannot physically exist. Thus,
any negative concentrations violate material balance con-
straints. In these simulations, no negative concentrations were
obtained.

Numerical solution

To this point, model simulations were obtained from the
analytical Laplace domain solution. A numerical solution was
also developed for the model based on an implicit finite-
difference method. The numerical model is quite useful be-
cause it can be used to verify some of the assumptions needed
for the analytical solution. For example, in the analytical so-
lution (see Appendix A), it was assumed that the gas-phase
diffusion coefficient matrix was symmetrical (D,;; = Dy,). It
was argued that this assumption had no bearing on the elution
profiles of the solvents. To test this argument, the numerical
solution was generated for Doy = D,y and for Dy, = 10 X
D,y,. The results of the simulation are shown in Figure 6. Even
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when the gas-phase diffusion coefficients are different by a
factor of 10, the elution profiles are still the same. This verifies
the assumption of a symmetric D, matrix. More details for the
numerical solution can be found in Appendix B.

Parameter Estimation

In the proposed experiment, the diffusion coefficient and
thermodynamic coefficient matrices will be obtained from the
elution profiles of the two solvents. Eight unknown parameters
are needed to completely describe these elution profiles. As
mentioned, experiments should be carried out using two dif-
ferent columns. The first column should be designed to give an
insignificant amount of diffusion resistance in the polymer.
Experiments on this column can be used to obtain the thermo-
dynamic coefficients K;;. As described, these are the tangents to
the isotherm planes and, although constant during any experi-
ment, they will vary with bulk composition changes. After a
number of K with sufficient proximity in concentration have
been measured, the actual bulk solubilities can be obtained by
numerical integration according to Eq. 13 subject to the initial
conditions (C; = 0, p; = 0).

Experiments on a second, shorter, thicker column should
then be used to obtain the diffusion coefficients. Inverse gas
chromatography parameter estimation is usually carried out by
moment analysis.!* In a binary experiment, the first and second
moments can be related to the partition and diffusion coeffi-
cient, respectively. This procedure cannot be used directly for
ternary analysis because there are more parameters than mo-
ments. In addition, the complex Laplace domain expression for
Y, makes the analytical expressions for the moments difficult to
obtain. Thus, it is proposed that parameter estimation proceed
by Fourier or time domain fitting. In this procedure, the pa-
rameters are adjusted such that the experimental elution pro-
files match the model elution profiles for each solvent. This
procedure was first introduced by Pawlisch? and used by other
investigators for binary systems.*5202! In binary experiments,
the partition and diffusion coefficient are adjustable parameters
used to match the experimental elution to that of the binary
model.

Caution must be exercised when measuring the diffusion
coefficients at finite concentrations arising from variation in the
coating thickness 7. As the solvents swell the polymer coating,
the film thickness will increase. In general, this will lead to an
underestimation of the diffusion coefficients. During any par-
ticular experiment, the small solvent perturbation does not
significantly change the coating thickness, but as the bulk
concentration changes from experiment to experiment, swell-
ing will become important. However, because the experiments
on the column with insignificant diffusion resistance give the
thermodynamics of the polymer—solvent—solvent system, this
swelling can be predicted and accurate diffusion coefficients
can be obtained.

Summary and Conclusions

A new capillary column inverse gas chromatography exper-
iment has been proposed to measure the four member diffusion
coefficient matrix and the vapor-liquid equilibrium in ternary
polymer—solvent—solvent systems. The proposed experiment is
capable of measuring the diffusion and partition coefficients
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over wide ranges of solvent concentration. The uniqueness and
power of this technique is that an experiment is conducted by
measuring a small solvent perturbation around a fixed compo-
sition. Thus, experiments are performed at a given solvent
concentration such that the diffusion and thermodynamic co-
efficients can be considered constant. A model has been devel-
oped that describes the complex diffusion process in the col-
umn. Both analytical and numerical solutions have been
obtained. Simulation of the proposed experiment indicates that
CCIGC is quite sensitive to the cross-diffusion coefficients
when they are of comparable order to the main terms. This
sensitivity makes CCIGC a promising technique to measure the
values of all four diffusion coefficients and the true vapor—
liquid equilibrium in ternary polymer—solvent—solvent systems.

Notation
p; = mass concentration of species i in the polymer
phase, kg/m?
ppi = background mass concentration of species i in
the polymer phase, kg/m?
C = mass density of the vapor phase, kg/m*
C; = mass concentration of species i in the vapor
phase, kg/m?
C,; = background mass concentration of solvent i in
the vapor phase, kg/m?
C,; = strength of the solvent pulse (kg-s/m®) for spe-
cies i
bij = mutual binary diffusion coefficient matrix for
the polymer phase, m?%/s
D,;; = mutual binary diffusion coefficient matrix for
the gas phase, m%/s
K.;; = dimensionless coefficient matrix (isotherm tan-
gent slope) describing the thermodynamics be-
tween the gas and polymer phases
L = column length, m
M; = molecular weight of species 7, kg/mol
r = radial coordinate, m
R = radius of the gas—polymer interface, m
t = time, s
V = carrier gas velocity, m/s
V, = characteristic carrier gas velocity, m/s
z = axial coordinate, m
T = polymer coating thickness, m
a; = R/K ;7 = thermodynamic dimensionless group

Bi; = VoT/LD,; = polymer-phase diffusion dimensionless group
v = Dgi/LV, = axial dispersion dimensionless group

A = Cy/Cy, = ratio of the inlet pulse strengths
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Appendix A: Model Solution

To aid in the model solution, the following dimensionless

variables are introduced
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Here, V, is the characteristic carrier gas velocity. Substituting
these variables into polymer species continuity equations (Egs.
12-15) gives

1 Ay
d [9’1] — B%l 0‘223%2)\ J’ [P’l] (A6)
at’ | ph anA L ar't | ps
04113%1 B%z
[ P! 0]
t'=0 | = A7
_PZ] [0 (A7)
_ l «, -
, P’l apA |:C/li|
=0 | = ’ A8
g [Pz] anh 1 C) (A3)
L Q2 i
L 9 pi] _ [0'

Summation of the three species continuity equations (Egs.
6—38) for the gas phase gives the total continuity equation

v 2 ap, ap,
= - + J—
¢ dz R (Dﬂ” ar Dz ar|

2 9p;
"R (D ar

Substituting the dimensionless variables into this equation
gives

9P,
+ Dp22 W

) (A10)

r=R

LV’ . 2 CoiVy\ 9pi
0z ayBh\ CL ) or

2 CoVo\ 9p5
Yo aynPi,\ CL ) ar'

r'=0

n 2 <C01V0> api 2 (Cozvo) ap)
anBy\ CL ) ar'| ., anBn\ CL ) ar'|
(A11)

For a typical CCIGC experiment, (Cy;V,/CL)is on the order
of 107, whereas 2/a, 83, is usually on the order of 1 or 10.
Thus, it can be safely assumed that the mass average velocity
in the column is constant
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TZ/ZO and V:VO

(A12)

Under this approximation, the solvent species continuity equa-
tions simplify to

aC, aC, 9%C,
T Vg TP g
2 ap, 9p,
+R(Dpnar ERF (A13)
r= r=R
aC, aC, 9%C,
ar Vg TPe g
2 ap, 9p,
+ E (DPZI ﬂ + Dp22 W (A14)
r=R r=R

Because the velocity is assumed constant, it is no longer
necessary to consider the carrier gas continuity equation. The
solvent species continuity equations can be expressed in di-
mensionless form

el sl el o[ el
ar' | Cs az L Cy| Tt a2 ¢
9 pq
+ '
(D] [pz @1y
where
1 1
[D]=2 0‘11)\3%1 )\0‘2126%2
allB%l a22[3§2
and
g
['Y]: Dg22
VoL

In dimensionless form, the necessary boundary conditions are

o cil [0
t'"=0 [C'z] = [0} (A16)
Ci o(t'
cmo [G)-[20] wn
, c 0
= [e]-l]  aw

Because dimensional analysis showed the gas velocity to be
constant, the governing equations are linear. This makes an
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analytical solution possible. Macris! showed that the equations
for the binary system can be solved using Laplace transforms.
This approach cannot be directly applied because the equations
are coupled. To uncouple the equations a new matrix, [A], is
defined. This matrix is constructed by setting its columns to the
eigenvectors of the matrix in Eq. A6

B 1
L P
azz)\
2
[A] = ) | a1 (A19)
Bi— B 1
Qayy
L 0122)\3%2 d

Here, 3, and f3, are the eigenvalues of the matrix in Eq. A6.
They can be found from the quadratic rule to be

Bi=y dtr+ (w4 det) (A20)
Ba= 5 e — iy — 4 det) (A21)

Here tr is the trace of the matrix

1 aqy
B%l 0‘22)\3%2
AxnA 1

2 2
a35 B>

and det is the determinant of the matrix. The reason for creating
the [A] is that is has a unique mathematical property

1 oy
27 7 3

VR I TS B L A )
04113%1 @

Multiplying both sides of Eq. A6 by [A] ' gives

1 oy

3 P! BL  ap\Bi

-1 1| _ -1 11 2AP12
ot [P s | BB g

0‘11331 352

XMI*EL[%}(AB)
ar'?| ps

The identity matrix [/] = [A][A]"" has been inserted be-
tween the matrix and the second derivative. Substituting Eq.
A22 into this result gives
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a [pi] _[B 0] @ [p
a =15 alaali] o

In this equation, pseudoconcentrations have been introduced

(il = 3]

Equation A24 can be written as two uncoupled partial dif-
ferential equations in terms of these pseudocompositions

(A25)

apy . 9°pi
o - Py (A26)
apy . 9%,
at, - BZ arrz (A27)

The boundary conditions are also multiplied by [A]™' to give

L pi] _[O
oo [EB
L Pl _ o
r'=0 [ﬁé] = [B] [C‘;] (A29)
where
Ay
A
(B1=141"| a0 | 1A)
Ay
, d el _ [0
LI | R ] I

The polymer-phase species continuity equations are now two
uncoupled differential equations. These types of equations can
be solved using Laplace transforms. The following Laplace
domain variables are introduced

Oi(s, )] _[pilt', 1)

[Q2<s, m] - [ﬁé(t’, r'>] (A3
Yl(S, Z/) Cwl(t/r Z,)

[Yz(s, z’)] N [C"é(t', z’)] (A32)

Using these variables, Eqs. A26 and A27 can be transformed
into the Laplace domain

AL (ot A ale

Qs — pit' =0) = B, or'? (A33)
, 'O

Qs =it =0) =B (A34)
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Using the initial condition from Eq. A28

9’0, O _

Py 77 0 (A35)
32Q2 Qs

B, =0 (A36)

The boundary conditions are also transformed into the
Laplace domain
0, _ Y,
ARG

= a8l = 1)

Equations A35 and A36 are second-order linear homoge-
neous equations with constant coefficients. Thus, the general
solutions have the form

‘\
Il
o

(A37)

(A38)

0, = cie VP 4 crem B (A39)
0, = coe B cpem VB (A40)

The c¢; are constants that are determined from the boundary
conditions given in Eqs. A37 and A38. With these constants,
the solution reduces to

Q= (B\Y, + B,Y>)

Ny N T +7e% e | (A4l
\g‘S 1r 7\;‘.&' 1r
1+e T ¢ 1+ eﬂ ‘ ( )
0, = (ByY| + ByY))
—
1 ﬁ B :
X | e e B B ) (A2
| + e B2 1 + e VB2

The gas-phase equation requires the gradient of Q; at the
gas—polymer interface. This is found by differentiating Eqgs.
A41 and A42 with respect to r’

J 0, _ Y,
o) L&l -aln] e
where
s K
— \Ftanh< = ) 0
[C] — Bl Bl

- =~ tan e
BZ BZ
As with the polymer phase, both sides of the gas-phase equa-

tions can be multiplied by [A]™'
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0 C J C!
-1 _ 1 -1 1
AT o [ o] + 141 55 6

= [A]'[v][A)A]"! o [22]

aZIZ

(A44)

r'=0

AT DTATAT | 2]

It will be assumed that D,y = Dg,,. Although this is
probably not a good approximation, the value of vy typically has
an insignificant effect on the shape of the elution profile.??
Thus, using this approximation should not affect the end result.
With this assumption, [y] is a symmetric matrix, and Eq. A44
and the boundary conditions can be written as

+ [E] 9 {gi] . (A45)

o [
=0 [g] = [A]" [28;] (A47)
e G

In Eq. A45, [E] = [A]”'[D]IA]. Using the variables defined in
Eqgs. A31 and A32, these equations can be converted into the
Laplace domain

sIn] )=o)+ [

r'=0

(A49)

=0 [Q] =[A]‘1[i] (AS0)
o v,] [0

G

Substituting for the gradient given by Eq. A43

s [m +aiz' [2] = [7]%2/2 [2] +[F] [2] (A52)

In this equation
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s s
- Atanh< - ) 0
B

[B]
0 _B ( f)
\%tanh )

Next, the equations must be uncoupled by multiplying both
sides of the equation by another matrix, [G] '

[F] = [E]

61|y |+ ter

0z’

|| = o1ty

<t | 7] o trnerar [ ] asy

Similar to [A] for the polymer phase, [G] is constructed from
the eigenvectors of [F]

(A54)

where £, and F, are the eigenvalues of the [F] matrix. They
can be found from the quadratic rule to be

. 1

F, = 5 {tr + \(tr)” — 4 det} (A55)
1

F,= 3 {tr — \(tr)” — 4 det} (A56)

Here tr is the trace of the F matrix and det is the determinant
of the G matrix. The reason for creating the G matrix is that it
has a unique mathematical property

F, 0
1 _ 1
RGP (as7)
Here, new pseudo-Laplace variables are defined:
A ¢
BINCEH s

Substitution of these pseudovariables gives

Yl +i Yl _[] 9 Yl + Fl 0 Yl
s )A/z a9z’ flz — 32’2 ?2 0 ﬁz f’z
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"=0 A A60
z = ?2 = H2 ( )
) ] _[o
o BB e
In Eq. A60
H _ |1
| ~torar ]
The uncoupled equations can be written as
%Y, 1 ay, b —o A6
W—;afz/—l/ll(s)ﬂf (A62)
Y, 1 oY, i —o A63
azrz_,yzazr_‘lfz(s) 2= ( )
where
s—F,
Pi(s) =

i

Like the polymer-phase equations, these are second-order
linear homogeneous differential equations with constant coef-
ficients. Thus, the general solutions have the form

1 1
v, = c@xp{z’(z,y + 4y + ll’l(S))}
1 1
+ cﬁxp{f(zyl " 4y + (S))} (A64)

1 1
v, = C3e>ﬁp{z’<2y2 + \ay2 + tl’z(S))}
1 1
+ C4eXp{Z’<2’yZ — 4 47% + L//z(s))} (A65)

Here, ¢, are constants that can be determined from the boundary
conditions. Using Eqs. A60 and A61, the general solution is

found to be
" 1 1
Y, = Hexpjz T% - iy + i(s)

Because the gas concentration at the detector is needed, this
expression is evaluated at the end of the column (z' = 1).

(AG66)
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(A67)

) 1 1
Y. = Hiexp{zy - 4y + ll’i(S)}

Appendix B. Details of Numerical Solution

The numerical model is based on an implicit finite-difference
technique. First, the species continuity equations for the gas
and polymer phases are discretized using a Taylor series ex-
pansion. For example, the polymer-phase solvent 1 continuity
equation given in Eq. A6 is expressed as

Pi,z - Pi,i—l - L Pi,j+1 - 2Pi,j + Pi.j—l
At 4 Ar?
(371 P/2¢j+1 - 2P/24,j + P/z,j—1>
+ (B1)
04223%2/\ < Ar?

Here, the i and j subscripts represent discretized time and
radial positions, At and Ar are the sizes of the time and
radial step, respectively. A similar equation can be derived
for solvent 2. The discretized gas-phase continuity equation
for solvent 1 is

/l,i - l],i*] C’],k - C’],k*] C?,k#’l - 2Cll$k + C’],k*]
+ =Y 3
At Az Az
Plj=— Plj=1 Phj=2 = Phj-1
+ D”(#) + D12<#> (B2)

Here, k represents the discrete axial positions in the column and
Az is the axial step size. An expression similar to Eq. B2 can
be derived for solvent 2. The discretized polymer-phase bound-
ary conditions are

(B3)

1 (371
r p’l,jzl,k apA [ 'u]
- ! r B4
" 0 |:p2,j:1,k:| anyh 1 Chx (B4)
(03]

(BS)

Here, N is the total number of discrete points in the radial
direction. Similarly, the gas-phase boundary conditions are
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cl-fo] e

1
] | At
L] =14 ®7)
At
c;,k:mM} B [0]
[c;,k:m =lo (B8)

Here, M is the total number of discrete points in the axial
direction. The condition at infinite 7' was specified at a large
value of 7z’ (k = 10M). The gas- and polymer-phase species
continuity equations were solved with a simple tridiagonal
solver at each time step. A constant step size time integrator
was used to solve all four equations at each time step in a
marching fashion.
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